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Abstract 
This paper describes a geomechanical approach to the 
determination of injection pressures that will result in 
formation shearing within the Athabasca oil sands.  The 
enhancement of in situ permeabilities, resulting from shearing, 
is a beneficial phenomenon and often an essential prerequisite 
of many successful in situ recovery processes. 

This geomechanical analysis is based upon the general 
geological setting in the Athabasca oil sands, observations 
made from field data, published laboratory data, and 
geomechanical principles.  The first objective was to estimate 
the existing stress state in the rock.  This determination was 
based on elastic theory and tectonics, and fitted to field 
measurements of the minimum in situ stress from minifrac 
tests in the Athabasca oil sands.  The methodology also 
calculates the maximum horizontal stress, a parameter that is 
extremely difficult to measure, yet is an important parameter 
for most stress analyses.  The resultant stress anisotropy 
creates the potential for formation shearing; a potential that is 
unleashed once the effective stresses are sufficiently reduced 
with high injection pressures. 

Lastly, the amounts by which injection pressures must be 
increased for shear failure are provided, assuming typical 
values of formation strength. 

The analysis begins with a determination of the minimum 
in situ stress, as a function of depth.  This is the fracture 
closure pressure that is a useful parameter in determining 
fracture treatment pressures, fracture containment, and 
fracture orientation.  The associated tectonic strain is used to 
calculate the maximum horizontal stress.  Using the maximum 
and minimum stresses, the injection pressure at which 
extensive shearing will occur is calculated.  This is the 

geomechanical optimum operating pressure.  While other 
considerations may favour a lower operating pressure, 
recovery processes that rely upon high in situ permeabilities 
may not be viable at lower injection pressures. 

The methodology presented is applicable to other regions. 
 

Introduction 
A large number of in situ recovery processes in the Athabasca 
region involve the injection of fluids into oilsands in order to 
mobilize the highly viscous bitumen resource.  Typically, 
injection pressures are selected on the basis of a large number 
of numerical simulations of the process, using conventional 
reservoir parameters and conventional reservoir simulators.  
Unfortunately, these typically exclude any geomechanical 
effects, since any bulk volume change in the reservoir 
gridblocks is rarely an allowable option.  This is despite field 
evidence of significant movements, both laterally and 
vertically, confirming reservoirs can dilate in response to the 
fluid injection. 

Past optimization of injection pressures has focussed 
heavily on thermodynamic efficiencies.  While 
thermodynamic efficiency is commendable, other significant 
and dominant effects must also be considered.  Geomechanical 
enhancement of the reservoir permeability, porosity, and fluid 
mobility is one major effect, without which, the goal of 
thermodynamic efficiency may not be effective. 

This paper presents a simple, logical methodology to 
determine the minimum injection pressure at which full 
geomechanical effects will be attained.  While geomechanics 
have an effect at lower pressures, the optimal geomechanical 
injection pressure will be such that shear failure occurs within 
the formation. 

 
Determination of Horizontal Stress 
The basic premise for the determination of stresses in rock is 
that the rock can be described by Hooke’s Law1 for the range 
of applicable stresses: 

( )zyxx E σσυσε +−= ........................................... [1] 

( )zxyy E σσυσε +−= .......................................... [2] 

( )yxzz E σσυσε +−= ........................................... [3] 

and the principle of effective stress (Terzaghi, 1943)2: 
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fp−=′ σσ ................................................................[4] 
where   

εx , εy , εz are the principal strains 
σx , σy , σz are the principal stresses 
E  is Young’s modulus 
ν  is Poisson’s ratio 
σ is the total stress 
σ′ is the effective stress (i.e., carried by the solid matrix) 
pf  is the formation fluid pressure 

The Terzaghi effective stress equation assumes that only the 
pore pressure resists any increase in applied confining 
pressure.  If the pore fluid compressibility is high, relative to 
the rock matrix compressibility, then the pressure term must 
be modified3: 

fp∆−∆=′∆ ασσ ....................................................[5] 

sK
K

′
−= 1α ..................................................................[6] 

where   
α is the Biot-Willis coefficient of pore pressure 
K is the bulk modulus with constant pore pressure (i.e., 

drained condition; therefore, the matrix modulus) 
Ks′ is the unjacketted bulk modulus (i.e., the average 

solid grain modulus) 
The Biot-Willis “α” is a measure of the efficiency with which 
the internal pore pressure resists any increase in confining 
pressure while undergoing volumetric strain under undrained 
conditions.3  As such, it varies from 0 to 1 for perfectly 
compressible to incompressible fluids, respectively.  Note that 
Equation 5 is applicable to a change in pore pressure from an 
initial value. 
 

Horizontal Stress assuming Zero Lateral Strain.  The 
equation for horizontal stress in an poroelastic medium, 
assuming no lateral strain, was given by Eaton (1969)4 as: 

( ) ffvh pp +−
−

= σ
υ

υσ
1

......................................[7] 

where   
σh  is the horizontal stress (a uniform stress) 
σv is the vertical stress 

This Eaton equation is valid for a quiescent depositional 
basin, in which no horizontal strains occur, and no change in 
formation fluid pressure has occurred.  The horizontal stress is 
the rock’s resistance to Poisson’s lateral expansion in response 
to the net weight of the overburden (i.e., effective stress), plus 
the formation fluid pressure component. 

 
Generalized Equation for Horizontal Stress.   Rarely are the 
horizontal stress magnitudes exactly described by Eaton’s 
equation.  Even in tectonically inactive depositional 

environments, the process of sediment compaction usually 
results in lateral elongation of the beds.  In addition, other 
factors alter the state of stress in the rock, resulting in 
horizontal stresses that can be higher or lower than those 
predicted by Eaton’s equation.  Usually, the horizontal stress 
becomes anisotropic, with the two principal horizontal stresses 
known as σHmax and σHmin. 

Factors that modify the horizontal stresses from those 
predicted with Eaton’s equation include changes in formation 
fluid pressure, tectonic strains, bed deformations, thermal 
change, and other effects (e.g.: diagenesis): 

OtherThermalFlexural

Tectonicessurehh

σσσ
σσσσ
∆+∆+∆+

∆+∆+⇒ Pr ......................... [8] 

Details are provided in the Appendices. 
 

In situ Stresses in the Athabasca Oilsands 
The usual assumption is that the three principal in situ rock 
stresses are the vertical stress and two orthogonal horizontal 
stresses.  This is reasonable assumption for the Athabasca 
region.  However, in areas of extensive geological 
deformation (e.g.: severe faulting, uplift, salt diapirism) the 
principal stress orientations may be tilted. 

 
Horizontal Stress Anisotropy.   Rarely, if ever, is the 
horizontal stress uniform.  This is despite the fact that this is 
the starting assumption in most rock stress analyses.  In many 
applications, such as hydraulic fracture stimulations, assuming 
uniform horizontal stress conditions often approximates the 
mimimum horizontal stress magnitude.  At the same time, 
practitioners implicitly recognize stress anisotropy when 
analyses are done to determine the orientation of the 
maximum horizontal stress, and therefore of the induced 
fracture. 

Stress Orientation.  One of the most reliable means of 
determining the principal horizontal stress orientations is with 
borehole breakout analyses of vertical wells5.  Calliper 
readings are normally recorded when running logs, therefore 
almost all wells have calliper data over the entire well length.  
Data from older wells are usually available.  It is the volume 
of data over the length of each well, over a large number of 
wells, that provides overwhelming evidence for stress 
orientations. 

Cox (1983)6 noted the correlation between the breakout 
and stress orientations.  In particular, he noted the NE-SW 
trend of the maximum horizontal stress throughout North 
America, east of the Rocky Mountains.  Figure 1 shows an 
outline of the Province of Alberta7, with the Athabasca oil 
sands located in the northeast8. 

The schematic on the right shows the breakout orientation 
perpendicular to σHmax.  On this map, the orientation of the 
maximum horizontal stress, σHmax, is determined 
predominantly with borehole breakout orientations.  The 
highly consistent NE-SW trend, over a large number of wells 
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and over the entire province, is normally associated with a 
high horizontal stress anisotropy.   

Figure 1  Maximum Horizontal Stress Orientations in Alberta 

Stress Magnitudes. 
Vertical Stress.   The vertical stress is obtained by 

integrating the bulk density log.  Alternatively, a gradient of 
22 kPa/m or 1 psi/ft is a fair approximation of onshore 
densities.  Most geomechanics analyses are insensitive to the 
slight variations from this value. 

Pore Pressure.   Pore pressure data is widely available for 
reservoir intervals, and less commonly available for the 
overburden.  In the Athabasca, pressure monitoring 
instrumentation is often installed along horizontal SAGD 
wells, for control of wellbore hydraulics.  Piezometers are 
usually installed in concert with thermocouples in observation 
wells.  These will monitor the recovery process, and confirm 
that that process is contained so that there is no fluid 
communication with strata outside the reservoir.  
Geomechanics analyses are highly sensitive to the pore 
pressure. 

Minimum In situ Stress.   The magnitude of the minimum 
in situ stress is often a critical parameter to determine.  
Induced hydraulic fractures, both intentional and accidental, 
are propagated at or near this pressure, therefore it is often the 
maximum injection pressure for processes that are harmed by 
fracturing, or the minimum injection pressure for processes 
that require fracturing. 

Uniform Horizontal Stress.   A stress profile, assuming a 
uniform horizontal stress, can be approximated by applying 
Eaton’s equation (Equation 7) to profiles of pore pressure, 
bulk density, and a derived Poisson’s ratio from the dual sonic 
log.  Laboratory-determined Poisson’s ratios can be used in a 
similar manner to calculate the stress at the specimens’ depths.  
Minifrac and hydraulic fracture stimulation values of the 
closure stress should be plotted as well, as these provide the 
best measurement of the minimum in situ stress. 

The limitation of this approach is that it assumes zero 
lateral strain.  While this is a reasonable assumption for 
younger depositional basins, it is simplistic for Alberta where 
the borehole breakout data display definite horizontal stress 
anisotropy, and are indicative of high anisotropy. 

Tectonic Strain.   A more reasonable assumption for stress 

magnitudes in the Athabasca oilsands is to assume that the 
uniform horizontal stresses have been modified by a 
subsequent tectonic strain.  Given the unconsolidated structure 
of oil sands, core methods for the determination of stress 
magnitudes are inappropriate.  Instead, the magnitude of in 
situ stresses can be estimated by arbitrarily applying a 
horizontal strain in one direction until the calculated minimum 
horizontal stress matches field data.  The strain can then be 
used to calculate the maximum horizontal stress. 

Figure 2 shows the effect of a uniaxial horizontal strain in 
the x-direction, assuming a typical9 Athabasca oilsands 
Young’s modulus and Poisson’s ratio of (E,ν)=(800 MPa, 
0.30).  Constant gradients were assumed for the vertical stress 
and the pore pressure, although the pore pressure was shifted 
by 850 kPa to match field measurements. 

Figure 2  Tectonic Stresses Resulting from 
A Uniaxial Horizontal Strain 

A profile of the pre-tectonic horizontal stress, labelled 
“sigh” or “σh”, was calculated with Eaton’s equation, 
assuming zero lateral strain.  Minifrac data were available 
from the Devon UTF and JACOS Hangingstone projects that 
provided the minimum in situ stress10,11.  Simulating tectonics, 
the lateral strain in the x-direction was increased until the 
minimum horizontal stress, in the y-direction, (“σy”) 
intersected the minifrac data.  This strain of εx =0.006 was 
then used to calculate the maximum horizontal stress, σx.  The 
incremental tectonic stresses are labelled ∆σx and ∆ σy.  Site-
specific values of stress were calculated for both projects.  
These used the same assumptions, but used the measured pore 
pressures at each project. 
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The Esso Cold Lake project, outside of the Athabasca 
region, was added for comparison.  Cold Lake oilsands are 
generally weaker, less stiff, and have higher Poisson’s ratios 
under identical laboratory conditions.  Therefore, the stress 
regime would differ slightly from the Athabasca region for the 
same applied strain.  Cold Lake minifrac data12 were 
interpreted to obtain values for the minimum horizontal stress 
and the vertical stress.  Notably, the minimum horizontal 
stress was thought to be slightly larger than the vertical stress, 
in contrast to the Athabasca trend at that depth.  This may be 
as a result of Cold Lake oilsands’ higher Poisson’s ratios.   

Similarly, the minimum horizontal stress was slightly 
greater than the vertical stress at the Devon UTF project10.  
The fact that σHmax > σHmin > σv is consistent with the 
hypothesis that the Athabasca region is tectonically affected. 

 
Shear Failure.   When rock is subjected to high differential 
compressive stresses, it fails in shear.  For a frictional material 
such as oilsands, the strength is controlled by the internal 
friction angle of the rock.  Once the ratio of the maximum and 
minimum effective stresses reaches a critical maximum, the 
rock fails. 
Figure 3  Mohr-Coulomb Plot of the Injection Pressure Increase to 

Achieve Shear Failure 
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This is shown in the Mohr-Coulomb diagram (Figure 3) in 
which the stress state is plotted on axes of normal stress versus 
shear stress.  The semi-circle on the right represents the 
Terzaghi effective stresses in the reservoir.  The maximum 
and minimum stresses would be the two horizontal stresses, 
except at shallow depths where the vertical stress is the 
minimum stress. 

The semi-circle on the left represents the same stress state, 
with all effective stresses reduced by the increase in formation 
pressure due to injection.  The injection pressure, Pinj, is high 
enough to shift the Mohr Circle left until it intersects the 
frictional failure envelope, determined by the friction angle, 
φ°.  The stronger the rock, the higher the friction angle, and 
the higher the injection pressure has to be to ensure that the 
rock fails in shear. 

 

Permeability and Porosity Enhancement due to Shear 
Failure.   It is necessary to shear oilsands for most in situ 
recovery processes.  The in situ permeabilities, although high 
in comparison to conventional reservoirs, will increase as the 
oilsands are subjected to shear stress.  Shearing results in the 
permanent displacement and rotation of the constituent sand 
grains.  This creates additional porosity, and enhances the 
“absolute” permeability.  In oilsands, permeability is not an 
absolute, as it is highly dependent upon the degree of 
disturbance, which is quantified by the volumetric strain, i.e. 
porosity or dilation.  Permeabilities can be increased by almost 
an order of magnitude if the oilsands fail in shear. 

Figure 4 shows the significant effect of volumetric strain 
on the enhancement of absolute permeability in oilsands.  
These specimens were cored from block samples sawn from 
an outcrop of the McMurray Formation oilsands13,14, in a 
region that had never been invaded by hydrocarbons.  As such, 
it was bitumen-free and not subject to gas ex-solution and core 
disturbance problems associated with bitumen-rich core 
obtained by drilling and coring15. 

The graph on the left shows the results of triaxial tests on 
vertical specimens.  Triaxial tests are usually conducted with a 
confining stress applied to the specimen, raising the axial 
stress until the specimen fails.  These specimens dilate during 
the test as the individual grains rotate and displace, resulting in 
enhanced absolute permeability.  At a volumetric strain of 5%, 
this increase is about 250%; at 10% volumetric strain, it is 
600%.  In the graph on the right, similar behaviour is seen for 
the horizontal specimens, with an enhancement of 160% at a 
5% volumetric strain.  Notably, the analytical predictions, 
such as the Kozeny-Carmen relationship, underestimate the 
permeability enhancement. 
Figure 4  Absolute Permeability Increase with Dilation for Vertical 
and Horizontal Core, McMurray Formation Oilsands 
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occurs during sampling and testing.  Conventionally, absolute 
permeabilities of 10 Darcy are common, which is indicative of 
high core disturbance.  These high-quality McMurray 
Formation specimens (Figure 4) began with permeabilities in 
the order of 1 to 2 Darcy, and achieved comparable enhanced 
permeabilities only after dilating. 

 
Injection Pressures for Shear Failure.   Shearing of the 
formation will result in dilation, and with it, an increase in 
porosity, absolute permeability, water saturation, and total 
fluid mobility.  These are beneficial to in situ recovery 
schemes.  While some dilation occurs at stress levels below 
failure, dilation its associated benefits are assured when the 
oilsands undergo shear failure.   

Shear failure can be induced by increasing the stress 
differences, or by reducing the effective stresses until the 
oilsands fail.  Reducing the effective stresses is achieved by 
increasing the injection pressure (Figure 3).  This pressure can 
be calculated, knowing the existing rock stresses and assuming 
reasonable values for the rock strength. 

Figure 5 shows the injection pressures required for shear 
failure in the Athabasca oilsands, as a function of friction 
angle.  The tectonic rock stresses and the vertical stress are 
from Figure 2.  The maximum stress is the horizontal stress in 
the x-direction. 

The minimum stress is the vertical stress at shallow depths 
(< ~150m), and switches to the horizontal stress in the y-
direction below 150m.  This has implications for the 
development of shear planes:  at shallow depths, the shear 
planes will be inclined ±25°-30° to the horizontal, whereas 
deeper, the shear planes will be vertical and oriented ±25°-30° 
to the direction of the maximum horizontal stress, i.e. NE-SW 
±25°-30°.  Recovery processes would be expected to 
preferentially expand laterally at shallow depths, and 
vertically when deeper.  Geological heterogeneity, which can 
introduce oriented features of varying frictional resistance, 
will modify this behaviour. 

Figure 5 includes predictions of injection pressures needed 
to initiate shear failure, for rock with friction angles of 20° to 
60°.  Friction angles of 20° to 30° are typical for weaker rocks 
such as mudstones and siltstones, and undisturbed sandstones 
have friction angles exceeding 50°. 

The 2700 kPa injection pressure, Pinj, for the Devon UTF 
SAGD project (formerly AOSTRA UTF) is plotted, and it is 
approximately the injection pressure required to cause shear 
failure in an oilsand with a 50° friction angle.  Similarly, the 
Pinj of 5000 kPa for the JACOS Hangingstone SAGD project 
is plotted.  This high injection pressure was recognized as 
necessary to attain feasible steam chamber growth rates11, and 
these were pre-determined with a series of minifracs in order 
to determine the local fracture stress of 4500-5300 kPa.  The 
reported behaviour of both reservoirs in response to the SAGD 
process9,11 was consistent with shearing within the reservoir. 

Injection pressures for Figure 5 were determined using the 
Mohr-Coulomb relationship, assuming no cohesion, and 
Terzaghi effective stress: 

)sin(
)sin(1

2
minmax

3 °
°−−

=′
φ

φσσ
σ ................................ [9] 

3min )( σσ ′−−= finj pP .......................................... [10] 

for a friction angle of φ° = 50°, 

)(533)()/(0376.15 kPamzmkPaPinj +⋅= ....... [11] 
where   

σmax  is the maximum in situ stress 
σmin  is the minimum in situ stress 
σ′3  is the effective confining stress at shear failure 
Pinj  is the injection pressure to achieve shear failure 
z  is the vertical depth (metres) 

Figure 5  Injection Pressures for the Athabasca Oilsands as a 
Function of Shear Friction Angle 
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Hangingstone projects, and the typical strength properties of 
Athabasca oilsands, a friction angle of 50° would be 
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designed to obtain the required undisturbed geomechanical 
core specimens. 

Thermodynamically-driven analyses16 would indicate 
economic benefits of operating pure steam injection projects at 
lower temperatures (and therefore lower pressures).  However, 
these implicitly presume the benefits of geomechanical 
enhancement by using high permeabilities, independently of 
operating pressure.  It is improbable that such permeabilities 
will be achieved in situ at lower operating pressures.   

It may be possible to co-inject steam with another gas to 
obtain the required high pressures for shearing yet retain 
thermodynamic efficiency. 

A more exacting analysis would include the effects of 
poroelasticity (Equations 5 & A14).  This would reduce both 
horizontal stresses by α∆pν/(1-ν), where ∆p is the change in 
reservoir pressure with injection.  However, both horizontal 
stresses would be reduced equally; therefore the net effect on 
Pinj for deeper reservoirs would be zero and Equations 9 to 11 
are valid.   

Conversely, for shallower reservoirs, the minimum in situ 
stress is the total vertical stress; this remains constant, despite 
the change in reservoir pressure.  Since injection will reduce 
the stress differential in this case, a slightly higher injection 
pressure would be required to induce shear failure.  However, 
at shallower depths the predicted horizontal stresses using 
tectonics are unrealistic (i.e., they have been relieved).  
Therefore a correct determination of the actual stresses is far 
more critical than any secondary effects of poroelasticity. 

 
Thermal Effects in the Athabasca Oilsands.   For shallow 
projects, thermal stresses will enhance in situ recovery 
processes.  Although there may be some local variation, the 
minimum in situ stress will be the vertical stress, which is 
limited to the weight of the overburden.  As such, vertical 
thermal stresses are relieved by uplift.  However, thermal 
stresses will increase the horizontal stresses.  This 
combination of effects increases the differential stress, which 
enhances shearing.  If the well were aligned perpendicular to 
the maximum horizontal stress, this would encourage lateral 
spreading of the heated volume, e.g.: steam chamber.  If 
aligned at right angles to this, the steam chamber would tend 
to have a pronounced development along the well axis.  Thus,  
Figure 6  Radial and Tangential Stresses beyond Steam Chamber 
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process development is sensitive to well orientation. 
For deeper reservoirs, the thermal behaviour is much more 

complex, and situationally dependent. 
Ahead of the steam chamber the thermal expansion of the 

steam chamber increases the differential stresses by creating 
positive radial stresses and negative tangential stresses 
(Figure 6).  At the perimeter of the steam chamber, if the 
radial stress is co-aligned with the maximum in situ stress, the 
thermal stresses will contribute to the maximum stress.  
Similarly, where the tangential stress is co-aligned with the 
minimum in situ stress, it will further lower that stress.  Both 
these conditions will enhance shearing just outside of the 
expanding steam chamber, thereby accelerating the steam 
chamber growth.  Although there are orientations around the 
steam chamber where these stresses tend to lessen the in situ 
stress differential, the overall effect will be positive. 

As a first approximation, the heated zone can be idealized 
as a heated cylinder within an infinite medium.  The uniform 
thermal stress within the cyclinder, which pushes outwards on 
the colder reservoir, can be calculated using parameters for an 
analogue reservoir to the UTF project: 

Pinj = 2700 kPaa T = 228°C (saturated steam) 
E = 200 MPa (lower stiffness at lower confining stress) 
ν = 0.3 
αT = 4.0E-05 °C-1 
∆p = (2700-101-550) kPa  = 2049 kPa 
∆T = (228-8)°C = 220°C 

substituting these into Equation D10, 
∆σ =1257+585 = 1842 kPa 

The first term, 1257kPa, represents the thermal stress that is 
greater than the poroelastic component, 585 kPa. 

As with Figure 6, the cylindrical steam chamber is 
pushing outwards with 1842 kPa, therefore the radial stresses 
would increase by 1842 kPa and the tangential stresses 
decrease by that amount.  In reality, there is a temperature 
gradient outside the steam chamber, so these values would be 
an upper limit to the incremental stress changes. 

As the recovery pattern matures and more of the reservoir 
becomes heated, other factors begin to affect the stresses in the 
reservoir.  For example, thermal jacking, where the expanding 
steam chambers around wellpairs unload the vertical stress of 
the cold oilsands between them, becomes more prominent.  
This increases deviatoric stresses, which promotes shearing.  
By this late stage of the SAGD process, shearing and dilation 
of should be pervasive throughout the reservoir.  Once the 
reservoir is dilated, the associated benefits are irreversible.  
Towards the end of the process, projects typically operate at 
reduced temperatures and pressures to obtain the benefits of 
some thermal recovery from the depleted zones. 
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Conclusions 
A methodology was presented with which the stress tensor for 
the Athabasca oilsands could be estimated.  The method is 
based on principles from geomechanics and solid mechanics.  
The resultant stresses are consistent with the geological setting 
and measured values of vertical and minimum horizontal 
stresses. 

The injection pressure required to ensure shear failure, and 
its associated benefits to absolute permeability and fluid 
mobility, were calculated assuming a Mohr-Coulomb failure 
criterion for the oilsands.  A friction angle of 50° was found to 
reasonably predict observed behaviour in Athabasca oilsands.  
From this, the geomechanically optimal injection pressure was 
determined, as a function of depth.  This pressure is 
recommended for in situ injection schemes, both thermal and 
non-thermal. 

Thermal effects were generally found to enhance the 
recovery scheme, particularly during the initial period of 
injection.  Dilation and enhanced permeabilities obtained 
during early steaming would be permanent and irreversible. 

From a geomechanics perspective, injection pressures 
should remain high enough to maximize shearing and dilation 
throughout the reservoir. 
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Nomenclature 

a = radius of the cylinder 
B = Skempton’s pore pressure coefficient 
CGR = corrected gamma ray (API) 
d = distance from the neutral axis (m) 
E = Young's modulus (MPa) 
G = shear modulus (MPa) 
K = bulk modulus (drained) (MPa) 
K′s = bulk modulus of the grains 
Kf = bulk modulus of the pore fluid 
Ku = bulk modulus (undrained) 
Kφ = unjacketed pore bulk modulus:  the change in pore 

pressure per unit pore volume change, when the 
confining stress equals the pore pressure 

k = curvature = radius-1 (m-1) 

kPaa  = kPa absolute 

Pinj =injection pressure 
pf = formation fluid pressure 
SAGD = steam-assisted gravity drainage 
T = temperature 
∆T = change from the original formation temperature 
uT = thermal radial expansion of the cylinder 
z = is the vertical depth (metres) 
 
α = Biot-Willis pore pressure coefficient 
αΤ = coefficient of thermal expansion (°C-1) 

εx , εy , εz = principal strains in the x,y,z orientations 
φ porosity 
φ° friction angle 
σ = total stress 
σ′ = effective stress 
σh = horizontal stress (i.e., fracture gradient) 
σHmax , σH = maximum horizontal stress  
σHmin , σh.  = minimum horizontal stress 
σmax = maximum in situ stress 
σmin = is the minimum in situ stress 
σr = radial stress 
σt = tangential stress 
σv = vertical stress 
σx = stress in the x-direction 
σy = stress in the y-direction 
σx , σy , σz = stresses in the principal x,y,z orientations 
σ3 = confining stress, or minimum principal stress 
σ′3 = effective confining stress 
∆σ = change in stress 
∆σkk = change in octahedral stress (=∆σx+∆σy+∆σz) 
∆σx, ∆σy, ∆σz = change in stress in the principal x,y,z 

orientations 
∆σT = change in stress due to thermal effects 
ν = Poisson’s ratio 
~ = “approximately” 
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Metric Conversion Factors 
 1 ft = 0.3048 metre 
 1 psi = 6.8947 kPa 
 1 psi/ft = 22.62 kPa/m 
 1 SG = 1.00 g/cm3 
  = 8.34543 ppg 
 °F = (°C*1.8)+32 

 
Appendix A 
Fluid Pressure Effects.   An increase in fluid pressure will 
reduce effective stresses.  In Eaton’s equation, the effective 
stress term (σv-pf) is factored by υ/(1-υ), therefore the net 
effect of a pressure increase will be an increase in total stress. 

To examine the interaction between external stress and 
internal fluid pressure, consider the case of an element of rock 
with fluids in its pore space.  The stresses in the rock and the 
fluid pressure are in equilibrium with the external stresses.  

This element of rock is then subjected to an increase in total 
stress in all directions, ∆σ3 under undrained conditions, i.e. no 
fluids enter or leave the element.  If the individual rock grains 
are considered incompressible in comparison to the rock 
matrix or the fluids, the pressure response to a change in an 
external isotropic stress is described by the Biot parameter for 
pressure17,  or Skempton’s coefficient B: 

3σ∆=∆ Bp f .......................................................... [A1] 

where 
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B Biot pore pressure coefficient 
Cs  compressibility of the rock matrix under the 

application of an isotropic effective stress change (not 
the individual grain compressibility) 

Cv  compressibility of the pore fluid under an isotropic 
pressure increment 

φ  porosity 
∆σh  change in horizontal stress 
∆σ3  change in confining stress (isotropic) 
The increase in pore pressure is less than the applied stress   

because of the compressibilities of the rock matrix and the 
pore fluids.  For compressible rock matrices and fluid-filled 
pores, B→1 since the pore fluid will support the added load.  
For gas-filled pores, B→0 since the matrix must support the 
load. For the Athabasca oil sands, the Biot parameter for an 
undisturbed specimen5 would be B≈0.75, requiring that the 
undisturbed rock matrix and pore liquid compressibilities be 
comparable.  This means that any application of an external 
isotropic load will result in the pore fluids taking 75% of that 
increase, and the rock matrix taking 25%.  Higher values of B 
are indicative of higher rock matrix compressibilities and, 
therefore, of sample disturbance18. 

This Biot parameter is only applicable for undrained 
conditions.  In its determination, the element of rock is also 
free to deform in response to the isotropic applied total stress, 
∆σ3. 

The scenario of an increase in formation fluid pressure, 
∆pf, as would occur when injecting into the reservoir, requires 
the superposition of the outward expansion of the element, and 
the re-imposition of zero lateral strains.  will result in an 
increase in the pore volume by Cvφ∆pf , with an identical 
increase in the rock matrix volume.  This changes the total 
stresses by the amount: 


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fff C
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The external total stress increase , ∆σ3 , is slightly greater 
than the applied internal fluid pressure change, ∆pf , due to the 
rock matrix expanding outwards as the pore volume increases.  
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Since the applied condition is the full increase in formation 
fluid pressure, ∆pf ,  the isotropic effective stress change is: 


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v
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p φσ 3 ...............................................[A4] 

However, the total vertical stress is limited by the 
overburden stress, therefore the formation would displace 
vertically.  In the horizontal plane, the formation is 
constrained, therefore the changes in the three principal 
stresses are: 
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xy σσ ∆=∆ .............................................................[A6] 

0=′∆ zσ ..................................................................[A7] 

where  
B is the Biot pore pressure coefficient 
Cs  is the compressibility of the rock matrix under the 

application of an isotropic effective stress change 
Cv  is the compressibility of the pore fluid under an 

isotropic pressure increment 
φ  is the porosity 
∆σh  is the change in horizontal stress 
∆σ3  is the change in confining stress (isotropic) 
 
For the specific boundary conditions of zero lateral strain 

and a constant vertical stress, allowing drainage3: 
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where  
G is the shear modulus 
K is the bulk modulus 
φ  is the porosity 
εx, εy, εz are the principal strains in the x,y,z 

orientations 
∆σx, ∆σy, ∆σz are the changes in principal total stresses 

∆σkk  is the change in octahedral stress (=∆σx+∆σy+∆σz) 

Figure A1  Oedometric Boundary Conditions with Constant 
Vertical Stress 

σz = constant 

εh = 0 

pf 

∆ pore 
fluid 

 
When the conditions of lateral constraint with constant vertical 
stress are applied (Figure A1) the change in total horizontal 
stress (∆σx=∆σy=∆σh) due to a change in pore pressure only, 
due to fluid injection or production is: 
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This is a total stress change, which includes the pore pressure 
change.  The change in effective stress is the total stress minus 
the factored pore pressure: 
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Although the total vertical stress remains constant, the 
effective vertical stress does drop by αpf .  The Poisson’s 
effect causes this reduction in effective horizontal stress in 
response to the reduction in the vertical effective stress. 

Pore Pressure Coefficients α and B.  The two pore 
pressure coefficients differ.  The Biot-Willis coefficient “α” is 
a function of the stiffness of the rock matrix relative to the 
stiffness of the constituent rock particles (solids), measured 
under drained conditions.  The Skempton coefficient “B” is a 
function of the compressibility of the pore fluid relative to the 
rock matrix, under undrained conditions. 

Coefficient “B” can also be defined as: 
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where  
K is the bulk modulus (drained) 
K′s is the bulk modulus of the grains 
Kf is the fluid modulus 
Ku is the bulk modulus (undrained) 
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Kφ is the unjacketed pore bulk modulus:  the change in 
pore pressure per unit pore volume change, when the 
confining stress equals the pore pressure 

φ is the porosity 
 

Coefficient B tends towards zero when gas fills the pore 
space, and tends towards one when liquids fill the pore space. 

 
Appendix B 
Tectonic Effects.  In its simplest manifestation, tectonics 
applies a uniform lateral strain through the rock strata.  This 
can either be a positive (compressive) strain, as in the case of 
orogenic thrust, or negative (tensile) strain, as in the case of 
lateral spreading of compacting sediments.  For the case of a 
horizontal rock stratum experiencing a compressive uniaxial 
strain only in the “x” direction, the conditions are: 

increasesx ⇒ε ...................................................... [B1] 

0=∆ yε .................................................................... [B2] 

0=∆ zσ ................................................................... [B3] 

Unless this strain is relieved, as might occur as a result of 
faulting, the horizontal stress increases in the rock19, in the 
direction of straining: 
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Figure B2  Tectonic Strains and Stresses 

Significantly, the stress in the perpendicular horizontal 
direction also increases, due to εx and the Poisson’s effect, but 
to a lesser extent: 
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Figure B1  Uniaxial Horizontal Strain 
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Note that in a region of compressive strain, the minimum 
horizontal stress, σHmin, will be in the “y” orientation, whereas 
in a region of tensile strain, σHmin will be in the “x” direction. 

The vertical stress remains unchanged:  any Poisson’s 
effect in the vertical direction is relieved by an upward 
displacement of all rock strata.  This vertical strain, due to a 
uniform horizontal strain in the “x” direction, is:  
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The implications of these equations are significant.  First, 
stresses in areas that have experienced straining, such as from 
tectonics, will have horizontal stresses that can be very 
different than those predicted with Eaton’s equation, which 
assumes zero lateral strain.  Next, the increases in stress will  
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vary from formation to formation, largely in proportion to 
their respective Young’s moduli, with the stiffer strata being 
much more affected by strain.  Lastly, the stress in the 
direction transverse to the tectonic strain will also change.  In 
a compressive tectonic regime, the transverse horizontal stress 
will be the minimum in situ stress until such time as the 
tectonic straining increases both horizontal stresses above the 
vertical stress.  The applications of these principals to 
hydraulic fracture stimulation are obvious in terms of 
determining the direction of fracture propagation, the increase 
in fracture closure stress, the orientation of the induced 
hydraulic fracture, and fracture containment. 

Figure B2 shows three graphs:  an arbitrary profile of E 
and ν, stress and pressure profiles, and stress gradient profiles.  
In the middle graph, the pore pressure gradient is a constant 
1.03 S.G. (10.1 kPa/m), and the vertical stress gradient is 22 
kPa/m.  These are shown as the straight lines labelled “pf” and 
“sigv”, respectively.  The value of the uniform horizontal 
stress, “sigh”, has been calculated using Eaton’s equation, 
which assumes zero lateral strain.  This line appears as a series 
of line segments due to the variation in the value of Poisson’s 
ratio between each stratigraphic unit. 

Next, a uniform lateral strain of 0.3% was applied in the 
“x” horizontal direction20,21.  No strain was allowed in the “y” 
horizontal direction.  In response to this strain, the horizontal 
stresses have increased significantly.  The largest increase is in 
the horizontal stress in the x-direction, σx, and a smaller 
increase is seen in the horizontal stress in the y-direction, σy, 
due to the Poisson’s effect.  The pore pressure and vertical 
stress remain unchanged. 

The largest increases in σx occur in the stiffest rock, as 
would be expected from Equation B4.  The increase in σy is a 
proportion of that, being factored by the Poisson’s ratio 
(Equation B5).  Notably, σy is far greater than the horizontal 
stress predicted by assuming zero lateral strain. 

Three zones: the near-surface, Unit D and Unit F, have 
undergone horizontal stress increases to the extent that the 
vertical stress is the minimum in situ stress.  This is a credible 
outcome, and is the required condition for overthrust faulting 
to occur:  the rock displaces in the direction of least resistance, 
i.e. vertically.  Any induced hydraulic fractures in these 
intervals would propagate horizontally.  The horizontal 
stresses near surface are partially relieved by folding, faulting, 
or shearing along weaker strata, producing displacement 
features such as slickensides. 

Unit B is a sandstone sandwiched between shale units.  
Without tectonic strains, the minimum in situ stress is the 
uniform horizontal stress.  Very small tectonic strains would 
result in horizontal stress anisotropy, which would control the 
orientation of any induced hydraulic fracture, but the fracture 
would still be vertically constrained by the higher stresses in 
the bounding shales.  However, after the tectonic strain has 
increased to 0.3%, the minimum horizontal stress (σHmin= σy) 
has increased such that it exceeds σHmin in the bounding 
shales.  This occurs because the shales have a lower stiffness 
and therefore the tectonic stress increase is smaller for the 

same strain.  Containment of any induced hydraulic fracture is 
uncertain, since any fracture breakthrough into either 
bounding shale would result in the fracture propagating into 
the shales. 

Bidirectional Strains.   In more complex environments, it 
is possible to have strains in both principal horizontal strain 
directions. The generalized equations for stress and strain due 
to tectonic strains in both the “x” and “y” horizontal 
orientations are: 
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Appendix C 
Post-Depositional Curvature Effects.  Mechanisms such as 
tectonic compression, halokinetics, and intrusion into substrata 
can result in rock bending or “folding” (Figure C1).  
Incompetent strata, such as shales, will flow plastically or 
shear in a geological timeframe.  Folding results in flexural 
stresses within the competent strata.  Flexural stresses are 
usually incidental to the Athabasca oilsands since post-
depositional deformation has not generally occurred.  The 
exception is when there are deformations due to isolated and 
localized salt dissolution below the carbonate underburden. 

Figure C1  Schematic of Similar Folding 

Plastic yielding or 
shearing along 
incompetent 
beds 
 

Fractures 
 

Tension/compression 
and fracturing in 
competent beds

 
Competent strata, such as sandstones and carbonates, 

develop localized strains that vary with the degree of bed 
curvature, and the location within each stratum.  In similar 
folding, in which strata have identical radii of curvature, the 
incompetent beds act to isolate the flexural behaviour of each 
competent bed.  In concentric (parallel) folding, the strata can 
be considered as a composite beam. 



12 P.M. Collins SPE/CIM/CHOA 79028 

The flexural stresses and strains are tensile on the convex 
side and compressive on the concave side, and are calculated 
using classical beam theory.  Net vertical strains are 
approximately zero since the positive and negative strains 
resulting from the compressive and tensile stresses within each 
stratum will cancel each other out.  The flexural stresses 
resulting from bending vary with the distance from the neutral 
axis, in this case, the centre of the competent bed: 

dEk xx ⋅⋅=∆σ .....................................................  [C1] 

where   
∆σx is the change in horizontal stress in the x direction 
kx is the local curvature in the x-z plane 
E is Young’s Modulus 
d is the distance from the neutral axis, e.g.: the middle 

of each bed for similar folds 
The curvature “k” is the inverse of the radius of the post-

depositional deformation, which is usually several kilometres, 
and excludes any syndepositional curvature.  The flexural 
stresses can be generalized for the case of biaxial bending: 

( )dEkvdEk yxx ⋅⋅+⋅⋅=∆σ .......................... [C2] 

( ) dEkdEkv yxy ⋅⋅+⋅⋅=∆σ ............................. [C3] 

0≅zε ....................................................................... [C4] 

Net vertical strains are approximately zero since the positive 
and negative strains resulting from the compressive and tensile 
stresses within each stratum will cancel each other out. 

Fracture gradients will vary within each stratum as a 
function of the degree of curvature, the stiffness of the 
stratum, the thickness of the stratum, and the location with it.  
Folded stiff beds, such as those within carbonate reservoirs in 
the Middle East, and can have significantly lower fracture 
gradients at the crest of the structure, where the curvature is 
often greatest, than at the shoulders.  Similarly, the tops of 
each bed will have lower fracture gradients than the bottoms. 

Ericsson, et al. (1996)21 noted that the crest of their 
structure had more open fractures than elsewhere.  The high-
curvature grainstones and packstones had 82% of their 
fractures.  Aramco was also noted to use curvature of the 
formations in their planning. 

 
Appendix D 
Thermal Effects.  Rock will try to expand when subjected to 
a change in temperature.  Under laterally constrained 
conditions, the resistance to thermal expansion due to a 
uniform temperature change will create a horizontal thermal 
stress in the rock: 

TE
TT ∆

−
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ν
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1
................................................[D1] 

where   
∆σT is the change in stress due to thermal effects 
αT is the coefficient of thermal expansion 

E is Young’s modulus 
ν is Poisson’s ratio 
∆T is the change from the original formation temperature 

Localized effects are more complex.  The initial heating of 
a well will create an annulus of heated rock that expands with  

Figure D1  Schematic Idealization of Steam Chamber 

time.  For the case of horizontal wells and the SAGD process, 
the heated zone consists of the steam chamber, with a 
proximal falloff of temperatures outside the steam chamber. 

As a first order approximation, the steam chamber can be 
idealized as a perfect cylinder within an infinite medium, 
assuming plane strain boundary conditions (Figure D1).  This 
in turn can be considered as two separate problems: a heated 
cylinder, and a hole in an infinite medium.  The solutions for 
each can be linked by equating the displacements on the 
surface of the cylinder with the hole surface23. 

The displacement on the outside of the uniformly heated 
cylinder are1: 

( ) Tau TT ∆+= αυ1 ............................................... [D2] 
where   

uT is the thermal radial expansion of the cylinder 
αT is the coefficient of thermal expansion 
a is the radius of the cylinder 
ν is Poisson’s ratio 
∆T is the change in temperature 

Adding poroelasticity effects, this becomes: 

( )
( )( )

a
E

p
Tau f

T

υυ
αυ

+−∆
+∆+=

121
1 ......... [D3] 

Any hydrostatic stress, ∆σ, acting on the cylinder surface will 
cause a contraction: 
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The identical stress, ∆σ, acting on the hole surface within the 
infinite medium will increase its radius by: 
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The thermal expansion of the cylinder, minus the contraction 
due to the confining (hydrostatic) stress, must equal the 
displacement of the hole at that same stress: 
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holeT uuu =− σ ........................................................[D6] 

σuuu holeT += ........................................................[D7] 

( ) συ uuT += 12 .......................................................[D8] 
Solving for the interfacial stress: 
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This represents a uniform stress within the cylindrical 
steam chamber, and is independent of its radius.  However, for 
the surrounding infinite medium, this is also the hydrostatic 
stress at the interface with the steam chamber.  As such, the 
incremental radial and tangential stresses will vary within the 
medium with distance from the steam chamber (Figure 6): 
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0=rtτ .....................................................................[D13] 
 
At the perimeter of the steam chamber, where the radial 

stress is co-aligned with the maximum in situ stress, the 
thermal stresses will contribute to maximum stress.  Similarly, 
where the tangential stress is co-aligned with the minimum in 
situ stress, it will further lower that stress.  Both these 
conditions will enhance shearing outside of the steam 
chamber.  Conversely, at orientations around the steam 
chamber where these stresses tend to lessen the in situ stress 
differential, shearing will be inhibitted. 

Further refinements of this methodology can be made to 
account for the fact that the near-wellbore heated region is 
similar to a thick-walled cylinder, with an initial gap between 
the sandface and the screens.  While the shearing and dilation 
of the sandface have implications for near wellbore skin 
factors, they are not relevant to the determination of injection 
pressures. 

Appendix E 
Other Effects.   In addition to those mechanisms discussed 
here, other factors can increase or decrease stresses in the 
rock:  mineral alteration (particularly those that result in 
volumetric change), chemical or pressure dissolution, bed 
elongation as strata compact and consolidate in depositional 
basins, nearby intrusives (mud or salt diapirism), and complex 
geological structures.  Their stress effects should be included, 
where appropriate.  This can often be done with the 
superposition of elastic solutions onto the existing stress 
regime, as was done for the thermal effects. 
 


